Abstract. In this paper, we propose a new variant of Waring's problem: to express a positive integer n as a sum of s positive integers whose product is a k-th power. We define, in a similar way to that done for g(k) and G(k) in Waring's problem, numbers g (k) and G (k). We obtain g (k) = 2k − 1,
Introduction
In 1770, Lagrange showed that each positive integer could be expressed as a sum of at most four squares of integers. In the same year, Edward Waring in his book Meditationes Algebraicae asserted that for every k ∈ Z + there was a number s(k) such that every positive integer n could be expressed as a sum of s = s(k) k-th powers of positive integers, i.e., (1) 
s . During the next 139 years, special cases of Waring's problem were solved for k = 3, 4, 5, 6, 7, 8, 10. It was in 1909 that Hilbert solved the problem in the affirmative for all k; see [2] . So Waring's assertion is also called the Hilbert-Waring Theorem.
Once one knows that the answer to the Hilbert-Waring problem is "yes!" it is natural to ask "How big is s(k)?". Taking 
, which is true for k ≤ 471, 600, 000. See [2] and [5] for the history of the problem.
From the work of Hardy and Littlewood it became apparent that a more fundamental number than g(k) was G(k), which is defined to be the least positive integer s such that all sufficiently large integers can be represented as a sum of at most s k-th powers of positive integers. We have G(2) = 4, G(4) = 16 (1939, Davenport). The precise value of G (3) is not known, the best result to date being 4 ≤ G(3) ≤ 7. For k ≥ 5, we know little about the precise value of G(k), e.g.,
There are a variety of generalizations or variations for the Hilbert-Waring problem, e.g., g(k, m) is defined by C. Small [4] as the smallest positive integer s such that every integer is a sum of s k-th powers mod m, i.e., (2) n ≡ x
In April 2011, the first author proposed a new variant of Waring's problem: given n ∈ Z + , write
with all x i ∈ Z + such that
Obviously, each solution of Waring's problem (1) leads to a solution satisfying (3) and (4) . From the Hilbert-Waring Theorem, there exists a positive integer s (k) ≤ s(k) such that every positive integer is a sum of s (k) positive integers and the product of the s (k) integers is a k-th power. In this paper, we denote by g (k) (resp. G (k)) the least positive integer such that every integer (resp. all sufficiently large integers) can be represented as a sum of at most g (k) (resp. G (k)) positive integers, and the product of the g (k) (resp. G (k)) integers is a k-th power. We have the following theorems:
Theorem 3.
For every odd prime p, G (2p) ≤ 2p + 2.
Theorem 4. For every prime
No prime p ≡ 3 (mod 4) can be expressed as a sum of two squares, which implies that p ≡ 3 (mod 4) cannot be represented as a sum of two positive integers such that the product of the two integers is a square, a cube or a k-th power. So we deduce from Theorems 1 and 2 that
In order to discuss G (3), let
It is obvious that if n ∈ S, then kn ∈ S for any k ∈ Z + . So we only need to discuss the special case of (5) when n is prime. We have the following theorems: 
Theorem 6. If p is prime, p ≡ 5 (mod 24), and there exists
(x, y) ∈ Z + × Z + such that p = 6x 2 − y 2 , where(6)
Then p ∈ S.
By computing, we find that the only primes p < 10 4 such that p ∈ S are 2, 5, 11 (cf. If we allow negative integers in the discussion, we obtain the following interesting theorem:
Similarly, in order to discuss G (4), let
It is obvious that we only need to discuss the special case of (7) when n is prime. By computing, we find that the only primes p < 10 4 such that p ∈ S are 2, 3, 5, 7, 11, 13, 17, 23 (cf. Table 2 for p < 100 ). Noting that Again, if we allow negative integers in the discussion, we obtain the following. 
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Combining (8) and (9), we have
But x = 2y, so the inequality is strict. 
Lemma 3. If p is prime and
respectively. The inverse transformations are
respectively. The required co-primarity condition is trivial.
Remark 1. To prove Lemma 3, we only need one of the five transformations (10). The reason we make five transformations is to prepare for the proof of Theorem 6.
Lemma 4.
If p is prime and p ≡ 11 (mod 24), then there exists (x, z) ∈ Z + × Z + , (y, m) ∈ Z × Z and (x, y, z) = 1 such that
Proof. Now p ≡ 11 (mod 24) ⇒ p ≡ 3 (mod 8) ⇒ p = x 2 + 2y 2 for some positive integers x and y [6] . Making the transformations (12)
respectively. The inverse transformations are .
respectively. We now prove that there exists an inverse transformation among the six inverse transformations (13) such that a and b are integers. We only need to prove that one of the following six numbers is a integer:
This follows because
The required co-primarity condition is trivial.
Proofs of the Theorems
Proof of Theorem 1. It is obviously true for k = 1. Suppose k > 1, and for any positive integer n, define i by n ≡ i (mod k), where 0 ≤ i ≤ k − 1. We have
On the other hand, if 2k − 1 can be expressed as a sum of s (s < 2k − 1) positive integers and the product of the s integers is a k-th power, then there exists a positive integer m > 1 among the s integers. Let q = min p prime {p | m ≡ 0 (mod p)}. Then
where r ≤ s, β i ≥ 1 and
This contradiction implies that g (k) ≥ 2k − 1. Now combine this with (14).
Proof of Theorem 2. Suppose n
When n > p p , we obtain
Proof of Theorem 3. By Fermat's Theorem and Lemma 1, there exist two positive integers x and y, 1 ≤ x, y ≤ 2p, such that
, we obtain 
